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Abstract
A lower bound is provided for the smallest eigenvalue of finite element equations with arbitrary conforming simplicial
meshes without any regularity assumptions. The bound has the same form as the one by Graham and McLean [SIAM J.
Numer. Anal., 44 (2006), pp. 1487–1513] but doesn’t require any mesh regularity assumptions, neither global nor local.
This shows that the local mesh regularity condition required by Graham and McLean is not necessary. Equivalently,
it can be seen as an improvement of the bound for arbitrary conforming simplicial meshes by Kamenski, Huang, and
Xu [Math. Comp., 83 (2014), pp. 2187–2211] from the element-wise form to the patch-wise form. In three and more
dimensions, the bound depends on the number of degrees of freedom and the term corresponding to the average mesh
non-uniformity. In two dimension, the bound depends on the number of degrees of freedom and a logarithmic term
involving number of degrees of freedom and the volume of the smallest patch.
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1. Introduction
Highly adapted or misshaped meshes can have a strong
influence on the conditioning of the finite element equations,
which, in turn, has an impact on convergence properties
and accuracy of iterative methods for solving the resulting
linear systems. Thus, bounds on the condition number of
finite element stiffness matrix and its extreme eigenvalues
have been of theoretical and practical interest for a long
time. In most of the available work, some local or global
mesh regularity properties are required in order to bound
the constants during the derivation of the estimates, which
causes degeneration of these estimates in case of extreme
mesh geometries or strong irregular anisotropic adaptation.
The aim of this work is to demonstrate that such mesh
regularity assumptions are not necessarily required.
The estimation of the largest eigenvalue is well under-
stood and it is easy to show that the largest eigenvalue is
bounded by a multiple (with a constant depending on mesh
connectivity) of the maximum of the largest eigenvalues of
the local stiffness matrices, e.g., [6]. Sharp bounds in terms
of mesh geometry are available for both isotropic [1, 4, 7, 11]
and anisotropic [8, 10, 11] diffusion. Moreover, the largest
diagonal element of the stiffness matrix is a good estimate
for the largest eigenvalue: it is tight within a constant
factor bounded by the maximal number of basis functions
per element [8]. For the smallest eigenvalue, a good bound
proved to be much more difficult to achieve. For not quasi-
uniform meshes, the bound on the smallest eigenvalue is
often considered in terms of the volume of the smallest
mesh element, e.g., [5, Remark 9.11], [4, 6, 12, 13], which
is clearly much too pessimistic.
A better bound was proven by Bank and Scott [3]
for general isotropic meshes in d ≥ 2 dimensions. They
showed that under a proper scaling the conditioning of finite
element equations with local refinement does not degrade
significantly and is comparable to that on a uniform mesh
with a comparable number of degrees of freedom. A more
general result for elliptic bilinear forms on Sobolev spaces
of real index m ∈ [−1, 1] with shape-regular meshes in
d ≥ 2 dimensions was derived by Ainsworth, McLean,
and Tran [1, 2]. Their result was generalized by Graham
and McLean [7] to general meshes satisfying only a weak
local regularity condition requiring the neighboring mesh
elements to be comparable in size and shape. For the case
of finite elements in d ≥ 3 dimensions, their bound for the
smallest eigenvalue is
λmin(A) &
(∑
i∈N
|ωi|1−
d
2
)− 2d
, (1)
|ωi| denoting the volume of the patch corresponding to the
ith mesh node [7, Lemma 5.2].
Later, Kamenski, Huang, and Xu [10] provided a bound
for second-order elliptic partial differential equations with
arbitrary conforming simplicial meshes without any condi-
tions on the mesh regularity, which can be seen as a further
generalization of [1–3, 7]. In d ≥ 3 dimensions, their bound
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Figure 1: As ε→ 0, |Kmin| = ε/2→ 0 whereas |ωmin| > 1/2.
is
λmin(A) &
( ∑
K∈Th
|K|1− d2
)− 2d
, (2)
being some average of the mesh element volumes |K| [10,
Lemma 5.1]; a comparable result was proven by Kamenski
and Huang [9] using a different approach. For meshes ful-
filling the local mesh regularity assumption in the proof of
(1) in [7] (Assumption 3.2: neighboring elements are com-
parable in shape and size), both (1) and (2) are equivalent
because the volume of a mesh element is equivalent to the
corresponding patch volume for locally regular meshes (up
to a constant factor).
However, (1) has a better structure than (2) because
patch-wise volume averaging could provide a larger bound
than element-wise in general (the effect of the mesh non-
regularity in the bound is smoothed over a larger area).
For example, in case of an internal layer with a thickness
of only one element (Fig. 1), it holds |Kmin| → 0 but
|ωmin| ≥ const > 0 as the thickness of the layer goes to
zero.
Thus, both [7, Lemma 5.2] and [10, Lemma 5.1] are
suboptimal: the former has a better bound structure but its
proof relies on a local mesh regularity assumption whereas
the latter is proven without any mesh regularity assump-
tions but its bound has a suboptimal structure.
In the following, it is shown that the week local mesh
regularity in [7, Assumption 3.2] is not necessary for (1)
but is ‘an artefact of the proof’ (at least for the Lagrangian
Pm finite elements with simplicial meshes considered in
this paper). This is done by proving (1) without imposing
any mesh regularity assumptions, neither global nor local.
Equivalently, it can be seen as an improvement of (2) from
the element-wise to the patch-wise form.
2. Considered problem, assumptions, and notation
Consider the boundary value problem (BVP) of a gen-
eral diffusion differential equation{
−∇ · (D∇u) = f, in Ω,
u = 0, on ∂Ω,
(3)
where Ω ⊂ Rd (d ≥ 2) is a bounded Lipschitz domain. It
is assumed that the diffusion matrix D = D(x) is sym-
Kˆ
K
xi
patch ωi = suppφi
x = FK(ξ)
Figure 2: Linear finite elements: reference and mesh elements Kˆ and
K, mapping FK , node xi and the patch ωi being the support of the
corresponding basis function φi.
metric and positive definite and there exist two constants
dmin, dmax > 0 such that
dminI ≤ D(x) ≤ dmaxI, ∀x ∈ Ω, (4)
where the ≥ sign means that the difference between the
right-hand and left-hand side terms is positive semidefinite.
Let Th be a conforming, non-degenerate simplicial mesh
(discretization) of Ω. For a mesh element K ∈ Th, let
FK : Kˆ → K be the invertible affine mapping from the
reference mesh element Kˆ to K (Fig. 2). For simplicity,
the reference element Kˆ is assumed to be unitary, i.e.,
|Kˆ| = 1, so that the (constant) Jacobian matrix F ′K satisfies
|det(F ′K)| = |K|.
Vh ⊂ H10 (Ω) denotes the corresponding Lagrangian Pm
(m ≥ 1) finite element space with a given set of nodes
{xi : i ∈ N } , N = { 1, . . . , N } ,
and the basis functions
{φi : i ∈ N } with φi(xj) = δij
and
suppφi ⊆ ωi :=
⋃
{ K¯ : xi ∈ K¯ } ∀i, j ∈ N .
The finite element solution of the BVP (3) is defined by
the variational formulation∫
Ω
∇vh · D∇uh dx =
∫
Ω
fvh dx, ∀vh ∈ Vh, (5)
which is equivalent to solving the system of linear equations
Au = f ,
where A and f are defined via
Aij :=
∫
Ω
∇φi · D∇φj dx, fi :=
∫
Ω
fφi dx ∀i, j ∈ N .
The solution of (5) is then given by
uh =
∑
i∈N
uiφi.
In this following, we are interested in the lower bound on
the smallest eigenvalue λmin(A) of A.
2
3. The general case d ≥ 3
Hereafter, a & b means a ≥ C · b, where C is a generic
constant which can have different values at different ap-
pearances but is independent of the mesh and the solution
of the BVP.
Theorem 1 (d ≥ 3). Under the assumptions of section 2,
the smallest eigenvalue of the stiffness matrix A for the
finite element approximation of BVP (3) is bounded by
λmin(A) &
(∑
i∈N
|ωi|1−
d
2
)− 2d
. (6)
Proof. The major idea for the proof is the same as for the
estimate in [10, Lemma 5.1]: Poincaré and Sobolev inequal-
ities, norm equivalence for the finite element functions over
the reference element, and Hölder’s inequality. However, in
order to arrive at the bound (6), some parts of the proof
have to be done differently, namely: using a different norm
on the reference element and doing this before applying
the Hölder’s inequality.
First, assumption (4) yields
uTAu =
∫
Ω
∇uh · D∇uh dx ≥ dmin |uh|2H1(Ω) .
The next steps go back to Bank and Scott [3]: going from
the H1-seminorm through the H1-norm (Poincaré inequal-
ity) to the L2d/(d−2)-norm (Sobolev inequality),
|uh|2H1(Ω) ≥
dminCP
1 + CP
‖uh‖2H1(Ω)
≥ dminCPCS1 + CP ‖uh‖
2
L
2d
d−2 (Ω)
. (7)
Then, represent the norm as an element-wise sum and use
the transformation to the reference element Kˆ,
‖uh‖2
L
2d
d−2 (Ω)
=
(∫
Ω
|uh|
2d
d−2 dx
) d−2
d
=
( ∑
K∈Th
∫
K
|uh|
2d
d−2 dx
) d−2
d
=
( ∑
K∈Th
∫
Kˆ
|uh ◦ FK |
2d
d−2 |detF ′K | dξ
) d−2
d
=
( ∑
K∈Th
|K|
∫
Kˆ
|uh ◦ FK |
2d
d−2 dξ
) d−2
d
=
( ∑
K∈Th
|K| ‖uh ◦ FK‖
2d
d−2
L
2d
d−2 (Kˆ)
) d−2
d
.
Norm equivalence for the finite-dimensional linear space of
finite element functions over Kˆ yields
‖uh ◦ FK‖
2d
d−2
L
2d
d−2 (Kˆ)
& ‖uK‖
2d
d−2
l
2d
d−2
=
∑
i∈NK
|ui|
2d
d−2 ,
where NK := { i : xi ∈ K¯ } and uK := (ui : i ∈ NK) are
the restrictions of N and u on K. Hence,
uTAu &
( ∑
K∈Th
|K|
∑
i∈NK
|ui|
2d
d−2
) d−2
d
=
(∑
i∈N
|ui|
2d
d−2
∑
K∈ωi
|K|
) d−2
d
=
(∑
i∈N
|ui|
2d
d−2 |ωi|
) d−2
d
=
(∑
i∈N
(
|ui|2 |ωi|
d−2
d
) d
d−2
) d−2
d
.
Applying Hölder’s inequality for 1/p+ 1/q = 1 (p, q > 1)
in the form(∑
i
|αi|p
) 1
p
≥
∑
i
|αiβi|
(∑
i
|βi|q
)− 1q
,
∑
i
|βi| 6= 0,
with
αi = u2i |ωi|
d−2
d , βi = |ωi|−
d−2
d , p = d
d− 2 , q =
d
2 ,
finally gives
uTAu &
∑
i∈N
|ui|2
(∑
i∈N
(
|ωi|−
d−2
d
) d
2
)− 2d
=
∑
i∈N
|ui|2
(∑
i∈N
|ωi|1−
d
2
)− 2d
.
Remark 1 (Geometric interpretation). Alternatively, (6)
can be written as
λmin(A) & N−1
(
1
N
∑
i∈N
( |ω˜|
|ωi|
) d
2−1
)− 2d
,
where |ω˜| := |Ω| /N can be seen as an equivalent to the
average patch size of the mesh. Hence, the lower bound on
the smallest eigenvalue depends on the number of degrees
of freedom (the first factor N−1) and on the average mesh
non-uniformity (the second factor).
Remark 2. The essential assumptions for the proof are:
a) symmetric, positive definite coefficient matrix D with
λmin(D) ≥ dmin > 0,
b) validity of the Poincaré and Sobolev inequalities,
c) conforming, non-degenerate simplicial meshes; no fur-
ther mesh regularity conditions are required, neither
global nor local.
3
4. The special case d = 2
In two dimensions, the proof is mostly the same except
that the Sobolev imbedding H1(Ω) ⊂ Lp(Ω) holds for all
finite p and
‖uh‖2H1(Ω) &
1
p
‖uh‖2Lp(Ω) ∀uh ∈ H1(Ω), p <∞. (8)
Theorem 2 (d = 2). Under the assumptions of section 2,
the smallest eigenvalue of the stiffness matrix A for the
finite element approximation of BVP (3) is bounded by
λmin(A) & N−1
(
1 +
∣∣ ln(N |ωmin|)∣∣)−1. (9)
Proof. Repeating the steps of the proof of Theorem 1 and
using (8) instead of (7) yield for 2 < p <∞
uTAu & 1
p
‖uh‖2Lp(Ω) (Poincaré, Sobolev)
= 1
p
( ∑
K∈Th
‖uh‖pLp(K)
) 2
p
= 1
p
( ∑
K∈Th
|K| ‖uh ◦ FK‖pLp(Kˆ)
) 2
p
& 1
p
( ∑
K∈Th
|K| ‖uK‖plp
) 2
p
(norm equivalence)
= 1
p
(∑
i∈N
upi |ωi|
) 2
p
≥ 1
p
∑
i∈N
|ui|2
(∑
i∈N
|ωi|−
2
p−2
)− p−2p
(Hölder’s)
≥
∑
i∈N
|ui|2 1
p
(
N |ωmin|−
2
p−2
)− p−2p
=
∑
i∈N
|ui|2N−1 1
p
(N |ωmin|)
2
p .
Choosing p = max { 2, |log(N |ωmin|)| } provides the largest
lower bound
uTAu &
∑
i∈N
|ui|2N−1
(
1 +
∣∣ ln(N |ωmin|)∣∣)−1.
For the choice p = 2, the bound is defined as the limiting
case for p→ 2+.
Remark 3. Theoretically, in addition to the factor N−1,
bound (9) involves also the logarithmic factor log(N |ωmin|).
However, in many practical applications, it can be assumed
that log(N |ωmin|) = O(1) because neither N nor |ωmin|
can become arbitrary large or small since it doesn’t make
any practical sense to have the smallest mesh feature size
to be below 10−10 (the size of a single atom) or to construct
meshes with more than 1010 elements. Thus, for the most
two-dimensional application scenarios, we can consider the
bound as λmin(A) & N−1.
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